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Abstract 

Let < a < n and I a be the fractional integral operator. In this 
paper, we will show some weighted boundedness properties of commu- 
tator [b,I a ] on the weighted Morrey spaces L p ' K (w) under appropriate 
conditions on the weight w, where the symbol b belongs to weighted 
BMO or Lipschitz space or weighted Lipschitz space. 
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1. Introduction 

The classical Morrey spaces C p,x were originally introduced by Morrey 
in [7] to study the local behavior of solutions to second order elliptic partial 
differential equations. For the properties and applications of classical Morrey 
spaces, we refer the readers to [7,11]. In [1], Chiarenza and Frasca showed 
the boundedness of the Hardy-Littlewood maximal operator, the fractional 
integral operator and the Calderon-Zygmund singular integral operator on 
these spaces. 

Recently, Komori and Shirai [6] defined the weighted Morrey spaces 
L p ' K (w) and studied the boundedness of the above classical operators on 
these spaces. Assume that I a is a fractional integral operator and b is a 
locally integrable function on M. n , the commutator of b and I a is defined as 
follows 

[b,I a ]f(x) = b(x)I a f(x)-I a (bf)(x). 
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In [6], the authors proved that when < a < n, 1 < p < n/a, 1/q = 
1/p — a/n, < k < p/q and w G A P;9 (Muckenhoupt weight class), then 
[b,I a ] is bounded from L p ' K (w p , w q ) to L q ' Kq / p (w q ) whenever b G BMO(W l ). 

The main purpose of this paper is to study the weighted boundedness of 
commutator [b, I a \ on the weighted Morrey spaces when b belongs to some 
other function spaces. Our main results are stated as follows. 

Theorem 1. Let < a < n, 1 < p < n/a, 1/q = l/p — a/n, < k < p/q 
andw q / p G A\. Suppose that b G BMO(w) (weighted BMO) andr w > p /~* K , 
then [b,I a ] is bounded from L p ' K (w) to L q > Kq l p (ioMW")*, w ) > where r w 
denotes the critical index of w for the reverse Holder condition. 

Theorem 2. Let0<(3<l, 0<a + f3<n, l<p< n/(a + /3), 1/s = 
l/p — (a + 0)/n, < k < mm{p/s,pf3/n} and w s G A\. Suppose that 
b G Lip / 3(W l )(Lipschitz space), then [b,I a ] is bounded from L p,K (w p ,w s ) to 
L s ' KS / p {w s ). 

Theorem 3. LetO < (3 < 1, < a+(3 < n, 1 < p < n/(a + (3), 1/s = 1/p- 
(a + jS)/n, < k < p/s and w s ^ p G A\. Suppose that b G Lip p (w) (weighted 
Lipschitz space) and r w > v j\_ K , then [b,L a ] is bounded from L p,K (w) to 
LS,ns/pf w l-(l-a/n)s ^ w \ 

2. Definitions and Notations 

First let us recall some standard definitions and notations of weight 
classes. A weight w is a locally integrable function on M. n which takes val- 
ues in (0, oo) almost everywhere, all cubes are assumed to have their sides 
parallel to the coordinate axes. Given a cube Q and A > 0, XQ denotes 
the cube with the same center as Q whose side length is A times that of 
Q, Q = Q(xo,r) denotes the cube centered at xo with side length r. For a 
given weight function w, we denote the Lebesgue measure of Q by \Q\ and 
the weighted measure of Q by w(Q), where w(Q) = Jq w(x) dx. 

We shall give the definitions of three weight classes as follows. 

Definition 1 ([8]). A weight function w is in the Muckenhoupt class A p 
with 1 < p < oo if for every cube Q in W 1 , there exists a positive constant 
C which is independent of Q such that 




J 

JQ 



) 



p-1 



w(x) p- 1 dx 



< C. 



When p = \, w G A\, if 




w(x)dx < C essinfw(x). 
xeQ 
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When p = oo, w G A^, if there exist positive constants 5 and C such that 
given a cube Q and E is a measurable subset of Q, then 



oo if for every cube Q in W 1 , there exists a positive constant C which is 
independent of Q such that 



where p' denotes the conjugate exponent of p > 1; that is, 1/p + 1/p' = 1. 

Definition 3 ([3]). A weight function w belongs to the reverse Holder class 
RH r if there exist two constants r > 1 and C > such that the following 
reverse Holder inequality 



holds for every cube Q inW 1 . 

It is well known that if w G A p with 1 < p < oo, then w G A r for all r > p, 
and w G A q for some 1 < q < p. If w G A p with 1 < p < oo, then there exists 
r > 1 such that w G RH r . It follows from Holder's inequality that w G RH r 
implies w G RH S for all 1 < s < r. Moreover, if w G RH r , r > 1, then we 
have w G RH r+£ for some e > 0. We thus write r w = sup{r > 1 : w G i?// r } 
to denote the critical index of w for the reverse Holder condition. 

We state the following results that we will use frequently in the sequel. 

Lemma A ([3]). Let w G A p , p > 1. Then, for any cube Q, there exists an 
absolute constant C such that 




Definition 2 ([9]). A weight function w belongs to A p<q for 1 < p < q < 




iw\ S Q w{xy dx ) ' - c (w\J Q w{x)dx ) 



w(2Q) < Cw{Q). 



In general, for any A > 1, we have 



w(XQ) < C\ np w(Q) 



where C does not depend on Q nor on A. 
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Lemma B ([3,4]). Let w G A v n i?i^ r , p > 1 and r > 1. T/ien £/iere exisi 
constants C±, C2 > suc/i £/ta£ 



for any measurable subset E of a cube Q. 

Lemma C ([5]). Let s > 1, 1 < p < 00 and A s p = {w : w s G A p }. Then 

Ap = -A 1+ (p_!)/ s (~l R£f s . 

In particular, 

A{ = A 1 n RH S . 

Next we shall introduce the Hardy-Littlewood maximal operator and 
several variants, the fractional integral operator and some function spaces. 

Definition 4. The Hardy-Littlewood maximal operator M is defined by 
M(/)(x) = sup-L / \f(y)\dy. 

For < f3 < n, r >\, we define the fractional maximal operator Mg r by 
M Ar (/)(ar) = supf— ^ / |/(y)| r dyV^. 

Lei w be a weight. The weighted maximal operator M w is defined by 

M w (f)(x) = sup [ \f(y)\w(y)dy. 
ForO < j3 < n andr > 1, we define the fractional weighted maximal operator 

M/3 : r,w by 

M fi , rtW (f)(x) = suJ l —^r [ \f(y)\ r w(y)dy) ' , 

where the supremum is taken over all cubes Q containing x. 

Definition 5 ([13]). For < a < n, the fractional integral operator L a is 
defined by 

t (ts, x r ( B T 1 ) f f(y) , 



2"7rtr(f) Jru \x-y\ n ~" 
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Let 1 < p < oo and w be a weight function. A locally integrable function 
b is said to be in BMO p {w) if 



bmo p (w) = sup (^gj j \K X ) - b Q ^w{x) 1 p dx 



i/p 

< C < oo, 

where &q = ^ Jq b(y) dy and the supremum is taken over all cubes QcM". 
We denote simply by BMO(w) when p = 1. 

Let < /3 < 1 and 1 < p < oo. A locally integrable function b is said to 
be in Lip p (M. n ) if 

IIMlM = -p iqPat / q W*) " & «I P " < °°- 

We denote simply by Lip ( g(IR ra ) when p = 1. 

Let 0</3<l,l<p<oo and jo be a weight function. A locally 
integrable function b is said to belong to Lip^(w) if 

We also denote simply by Lipp(w) when p = 1. 

Lemma D ([2,10]). (i) Let w E Ai. Then for any 1 < p < oo, i/iere exists 
an absolute constant C > snc/i i/mi IHIba/gVmj) ^ C||^IIbmo(«i)- 
(ii) Let < f3 < 1. T/ien /or any 1 < p < oo, i/iere exists an absolute 
constant C > snc/i i/iai ||o|j L j p p < C|j6|jij P/3 . 

(m) Let < /3 < 1 and iy G A±. Then for any 1 < p < oo, i/iere exists an 
absolute constant C > snc/i i/iai HollijpP^) < CHoU^^). 

We are going to conclude this section by defining the weighted Morrey 
space. For further details, we refer the readers to [6]. 

Definition 6. Let 1 < p < oo, < k < 1 and w be a weight function. Then 
the weighted Morrey space is defined by 

L^{w) = {/ G L? » : \\f\\ LP , K(w) < oo}, 

where 



\ Vp 

\ p w(x) da 

and the supremum is taken over all cubes Q in 



LP , K{w) = SUp (^gyi j \f(x)\ P w(x) dx^j 
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Remark. Equivalently, we could define the weighted Morrey space with balls 
instead of cubes. Hence we shall use these two definitions of weighted Morrey 
space appropriate to calculations. 

In order to deal with the fractional order case, we need to consider the 
weighted Morrey space with two weights. 

Definition 7. Let 1 < p < oo and < k < 1. Then for two weights u and 
v, the weighted Morrey space is defined by 

V> K {u,v) = {/ G Lf oc (n) : \\f\\ LP , Hu , v) < oo}, 
where ^ 
\\f\\LP>-(u,v) = sup (^y: J \f{x)\ p u{x) dx^j . 

We shall need the following estimate given in [6]. 

Theorem E. // < ft < n, 1 < p < n//3, 1/s = 1/p- /3/n, < k < p/s 
and w e A PyS , then Mp t i is bounded from L p ' K (w p ,w s ) to L s < KS / p (w s ) . 

Throughout this article, we will use C to denote a positive constant, 
which is independent of the main parameters and not necessarily the same 
at each occurrence. By A ~ B, we mean that there exists a constant C > 1 
such that ^7 < < C. Moreover, we will denote the conjugate exponent of 
r > 1 by r' = r/(r — 1). 
3. Proof of Theorem 1 

We shall adopt the same method given in [12]. For < 8 < 1, we define 
the J-sharp maximal operator Mf as 

M*(f)=M*(\f\ s ) 1 ", 

which is a modification of the sharp maximal operator of Fefferman and 
Stein [14]. We also set M 5 (f) = M^f^) 1 / 5 . Suppose that w G A^, then 
for any cube Q, we have the following weighted version of the local good A 
inequality (see [14]) 

w({x e Q : Msf(x) > X,M*f(x) < Xe}) < Ce-w{{x G Q : M s f(x) > ^}), 

for all A, e > 0. As a consequence, by using the standard arguments(see 
[14,15]), we can establish the following estimate, which will play an impor- 
tant role in the proof of our main results. 
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Proposition 3.1. Let < 8 < 1, 1 < p < oo and < k < 1. // 

i/ien we have 

\\Ms(f)\\ LP , Hu , v) <C\\M*(f)\\ LP , Hu>v) 

for all functions f such that the left hand side is finite. In particular, when 
u = v = w and w £ A^, then we have 

<C\\M*{f)\\ LP , K(w) 

for all functions f such that the left hand side is finite. 

Next we are going to prove a series of lemmas which will be used in the 
proof of our main theorems. 

Lemma 3.2. Let < a < n, 1 < p < n/a, l/q = 1/p — a/n and w <G A^. 
Then for every < k < p/q, we have 

\\M a:ljW (f)\\ Lq , Kq / P ( w } < C\\f\\ L p, K ( w y 

Proof. Fix a cube Q C M. n and decompose / = /i + /2, where /i = fx 2Q , 
X 2Q denotes the characteristic function of 2Q. Since M a ^ w is a sublinear 
operator, then we have 

^^ p {J Q M aXw f{ x y w (x)d x ^ lq 



i / f \V« 

< ' 



M aXw fi(x) q w{x)dx) 
Q ' 

+ ^^(/ Q M ^ /2(x)Mx) " X ) 1/9 
= h+h- 

As we know, the fractional weighted maximal operator M a ^^ w is bounded 
from L p (w) to L q (w) provided that w <G A^. This together with Lemma A 
yield 

1 / f , . . \Vp 



h < C , - . ( / \f(x)\ p w(x)dx) 



2Q 

w{2Q) r /p (1) 



w(Q) k /p 

< c\\f\\ LP , K{w) ■ w{Q)K/p 

< C\\f\\ LP , K(w) . 

We now turn to estimate the term I2 ■ A simple geometric observation shows 
that for any x € Q, we have 
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M aXw (f 2 )(x) < sup | , / |/(j/)|w(y)dy. 

When Q C 3R, then by Lemma A, we have w(Q) < Cw(R). It follows from 
Holder's inequality that 



■ ( j R \f(y) \ P MV) dy) ^ (J R W(y) dy) 



i/ P > 

I / II n'W'in n : dii i I / irt n \ tin \ 

■w(Ry 

<C\\f\\ LPHw yw{R)^l^ n 

<C\\f\\ LPHw) -w{Q)^^ +a l n , 

where in the last inequality we have used the fact that (n — l)/p + a/n < 0. 
Hence 

h < C\\f\\ LP ^ w) ■ w{Q)^/v +a l n w{Q) l l*w{Q)-^ < C\\f\\ LP , K{w) . (2) 

Combining the above inequality (2) with (1) and taking the supremum over 
all cubes Q C M n , we obtain the desired result. □ 

Lemma 3.3. Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n, < k < p/q 
and w G . Then for any 1 < r < p, we have 

\\Ma,r,w{f)\\ L c,,Kci/p( w ) < C\\f\\ LP}K ( w y 

Proof. With the notations mentioned earlier, we know that 

M a , r , w (f) = M arA>w (\f\ r ) 1/r ■ 

From the definition, we readily see that 

\\M a ,r,w(f)\\LQ,Kq/p(w) = \\Mar,l,w{\f\ r )\\/ q / r , Kq /p( w y 

Since 1/q = 1/p — a/n, then for any 1 < r < p, we have r/q = r/p — ar/n. 
Hence, by Lemma 3.2, we can obtain 

ll-Wanl.wd/DH^/r.^/p^) < C '||l/r||^./r,«( tu ) ^ C \\f\\LP.«-(w)- 

We are done. □ 
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Lemma 3.4. Let 0<a<n,l<p< n/a, 1/q = 1/p — a/n and w q l p G A\. 
Then if < k < p/q and r w > Jj~" K , we have 

\Wa,l{f)\\ Lq ,^/p{ wq /p yW ) < C\\f\\ L p,n( w ). 

Proof. Fix a ball B = B(xq, tb) Q IR n , where B(xq, tb) denotes the ball with 
the center xq and radius r#. We decompose / = /i + /2, where f\ = fx 2 B- 
Since M a ^ is a sublinear operator, then we have 

^(^AWMM*)'^) 1 '* 

s ^(/ B M - l/l(:c) " t " (l) " /P<il ) 1/ ° 

+ ^(/ B M "' l/2( ' ^ • )^^ " <I)^/P<^I ) 1/, 
= h + h- 

For any function / it is easy to see that 

M a)1 (/)(x) < C/ a (|/|)(x). (3) 

From the definition, we can easily check that 

G y4 Pi<? if and only if w q G A 1+q /pi. (4) 

Since io 9 / p € Ai, then by (4), we have w l / p G A Ptq . It is well known that the 
fractional integral operator I a is bounded from L p {w p ) to L q (w q ) whenever 
w G ^4p j(3 (see [9]). This together with Lemma A imply 

I 3 <C^(jjf(x)\ p w{ x)dx)^ 

w(2By/ p (5) 
<^\\f\\ L ^ (w) - w{B)K/p 

< c||/IIlp.«(u))- 

We now turn to deal with I4. Note that when x £ B, y £ (2B) C , then we 
have \y — x\ ~ |y — xo|. Since q/p > 1 and w q l p G Ai, then by Lemma C, we 
get w G A\ n RH q / p . It follows from the inequality (3), Holder's inequality 
and the condition A p that 



M Q)1 (/ 2 )(x) <C / 

o'fl 



l/(v)l 



( 2B )c |z - y| n 01 



dy 



<CY , — - — ^ / |/(y)|dy 
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l/p 



•( / \f(y)\ p w(y)dy) 



oo 



< c\\f\\ LP , K(w) \y +l B\ a / n w {y +l B)^-viv. 

i=i 



Hence 



h < C\\f\\ LP , K{w) • ± \2^B\^ W (2^B)^ 

V ' 1=1 



| 2 i+l^|g/n w (£)(l-*)/p 

Since r„, > y~ K , then we can find a suitable number r such that r > 1 r K 

w p/q—K 1 p/q—K 

and w G i?i^ r . Consequently, by Lemma B, we can get 

w(B) <c ( \B\ \ ( r ~ 1 )/ r 



tt;(2i+ 1 J B) ~ Vl 2i+1 ^l 



Therefore 



/4 < C||/|| LP , KH ^(2^)«/«-(-i)(i-«)M 

<C|| 



(6) 

ILp. k («i)) 

where the last series is convergent since a/n — (r — 1)(1 — K,)/pr < 0. Com- 
bining the above inequality (6) with (5) and taking the supremum over all 
balls B C R n , we get the desired result. □ 

It should be pointed out that from the above proof of Lemma 3.4, the 
same conclusion also holds for the fractional integral operator I a ; that is, 

<C\\f\\ 

Lemma 3.5. Let 0<a<n,l<p< n/a, 1/q = 1/p — a/n and w q / p G A\. 
Then if < k < p/q and r w > p ^~^ K , we have 

\\M W (f)\\L<l^l/P(w<l/P,w) — C\\f\\lq,Kq/p^ w q/p^ w y 
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Proof. Fix a cube Q C M n and decompose / = /i + /2, where /i = /x 2Q . 
Then we have 

£ ^(/« M " /l(l),, " W ' /Pdl ) 1/ ' 
+ ^(/ e M « AW ''" W ' /,,<fa ) 1/ ' 

= h + h- 

The boundedness of M w and Lemma A imply 

1/9 

<cimi , , w{2Qr/P (7) 

^ ^ \\J\\li^/p(wi/p,w) w (Qy/p 
^ C||/llL9,K9/p(„,g/p itt ,)- 

To estimate Iq, we first note that when x € Q, then by a simple geometric 
observation, the following inequality holds 

M w {f 2 ){x)< sup -L- / |/(y)Ky)dy. 
R-.QC3R W{K) J R 

Applying Holder's inequality twice, we can deduce 
1 



\f{y)\w{y)dy 



w(R) J R 1 

~^(r)U r l/(y)IMy)9/P dy ) 1/9 ( J R W ^ q ' /P ' dy ) 1/Q ' 

<C\\f\\ Lq , Kq/P[wq/P , w) ■ IR^'-WwiR)^- 1 ^. 
Since w q l p € A\, then by Lemma C, we have w G A\ n RH q / p , which yields 
w q/p(Q)V<i < C- |Q| 1 /9-Vp w (q)Vp. 

Hence 

HQ) /P R:QC3RW{R) J R 

^ n \\f\\ \ R \ a ' n W (Q) (1 ~ K)/P 

< c\\f\\ Lq , Kq/P(wq/P , w) -^p^ • w(a)N/p . 
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Since r w > ^j q 1 R , then we are able to find a positive number r such that 

r = pfq-K an< ^ w e RH r . For any cube R with 3i? ~D Q, by Lemma B, we 
thus obtain 

w(3R) ~ \\3R\ 
Furthermore, from Lemma A, it follows immediately that 

HQ) <c (\Q\\ {r - 1)/r 



w(R) ~ \\3R\ 
Therefore 

( \Q\ \ ( 1 ~ K ^ r ~ 1 ^ pr ~ a / n 

/ 6 <C||/|| LWp( ^ rR Sup^ M j (g) 

^ C\\f\\L9' K i/p(wi/P,w)- 

Combining the above inequality (8) with (7) and taking the supremum over 
all cubes Q C E", we obtain the desired estimate. □ 

In order to simplify the notation, we set Mq^^ = M r ^ w . Then we shall 
prove the following lemma. 

Lemma 3.6. Let < a < n, 1 < p < n/a, l/q = l/p- a/n, w q l p G A 1 
and r w > p ^~^ K ■ Then for every < k < p/q and 1 < r < p, we have 

\\M r:W (f)\\ L q, K q/p( w q/p jW ) < C 1 1 / 1 1 L q, K q/p ( w q/p ^ ■ 

Proof. Note that 

M r , w (f) = M w {\f\ r ) 1/r . 
For any 1 < r < p, we have r/q = r/p — ar/n. Since w q / p G A\, which is 
equivalent to vjp/ r G A\, by using Lemma 3.5, we thus have 

\\M r ,w(f)\\L<l,K<l/P(wl/P,w) = \\ M w(\f\ r )\\/ q /r,K q /p^ w q/p jW ) 

rlllA 



<C\\f\\ L q 

^i/p( w i/p,w)- 

This completes the proof of Lemma 3.6. □ 

Proposition 3.7. Let < S < 1, < a < n, w G Ai and b G BMO{w). 
Then for all r > 1 and for all x G M. n , we have 
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Mf([b, I a ]f)(x) <C||6|| BMOW (w(x)M r>w (I a f)(x) + w{x) 1 - a l n M a , r , VJ {f){x) 

+ w(x)M aA (f)(x)). 

Proof. For any given x £ M. n , fix a ball B = B(xq, r B ) which contains x. We 
decompose f = fi + f'2, where fi = fXw Observe that 

[b, I a ]f(x) = (b(x) - b 2B )I a f(x) - I a ((b - b 2B )f)(x). 

Since < 6 < 1, then for arbitrary constant c, we have 

1 



\B\ 



,1/5 

\[b,I a ]f(y)\ S -\c\ S dyj (9) 



<{j^j B \[b,I a }f(y)-c\ S dy^ 
<C^Jj(b(y)-b 2B )I a f(y)\ S dy 
+ c(^j B \l a ((b-b 2B )h){y)\ 5 dy^ ' 

+ c {jw\J B \ Ia{{b ~ b ^ h ^ + c \ s dy ) 



1/8 



= I+II+III. 

We are now going to estimate each term separately. 

Since w £ A\, then it follows from Holder's inequality and Lemma D that 



l<C±J\(b(y)-b2B)I a f(y)\dy 



IB 

1 / 

< 



c W\ ( j B \ b{y) ~ b ™\ r ' wl ~ r ' dy ) ^ ( j B \^f(y)\ r w{v) dy) 

- C \\ b \\BMO(w)^^(^r^: f \laf(y)\ r w{y)dy) ' 



l/r 

(10) 

I T, f(iA I n)(n\ rlii I 

\B\ \w(B)J B 
< C\\b\\ BMO{w) w{x)M ryW {I a f){x). 

Applying Kolmogorov's inequality (see [3, page 485]), Holder's inequality and 
Lemma D, we thus have 

11 ^ C T^77 l [ \(Ky)-b2B)f(y)\dy 
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< 



1/r 



c \^^{j 2B Hv) - b ^\ r ' wl ~ r ' d y) 1/r \S 2B \f(y)\ rw (y) d y) 

< c\\b\\ BMOW w ^_J n { w{2B y„ ar/n J 2B \f(y)\ r My)dy) 1/r 

< C\\b\\ BMO{w) w{x) l - a / n M a , r , w {f)(x). (11) 

It remains to estimate the term III. We first fix the value of c by taking 
c = —I a ((b — b 2B )f 2 )(xo), then we obtain 

HI < Cj^j J b \l a ((b - b 2B )f 2 )(y) - I a ((b - b 2B )h)(x Q )\ dy 

^ C \k f I ll 1^-1 1 -^\b(z)-b 2B \\f(z)\dzdy 

\ B \ Jb J(2by 1 \y - A \XQ-z\ na ^ 

<Cr L i I (y I , ^".^Li Hz) -b 2B \\f(z)\dz]dy 

oo . 

<cy —. TB -. / \b( Z )-b 2B \\f{z)\dz 

- fri {Vr B ) n - a + l J 2 j+i b y ' a|IJUI 

oo 

aJ l^l^lWn i, lB ^ - ^B\\f(z)\dz 

oo 

= IV+V. 

Similarly, by Holder's inequality and Lemma D, we can get 

oo ^ 

IV < C\\b\\ BMO{w) ^{xf-^M^Mix) 

U 23 (12) 

< C\\b\\ BMO{w) w{x) l ' a/n M a ^ w {f)(x). 
Note that w G Ai, a direct calculation shows that 

\b 2j +i B - b 2B \ < C\\b\\ BMO (w)j ■ w(x). (13) 
Substituting the above inequality (13) into the term V, we thus obtain 

oo 

V < C\\b\\ BMO(w ) ^jw(x)M aA (f)(x) < C\\b\\ BMO{w) w{x)M^{f){ X ). 

3=1 

(14) 
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Combining the above estimates (10)-(12) with (14) and taking the supre- 
mum over all balls B C K", we get the desired result. □ 

We are now in a position to give the proof of Theorem 1 . 

Proof of Theorem 1. For < a < n and 1 < p < n/a, we can choose a 
positive number r such that 1 < r < p. Applying Proposition 3.1 and 
Proposition 3.7, we have 

II [b, Ia]f\\ £,?,/t9/p( ffi l-(l-(l/n)9 )TO ) 

< C\\M S ([fe,/a]/)|| L 9, K g/p( u ,l-(l-a/n) 9iW ) 

< C\\b\\ BMO ( w ) (^\\w(-)M rtW (I a f)\\ Lq , Kq / P ( w i-(i- a / n ) q ^ 

+ \\ w i.-) 1 ~ a/nM a,r,w(f)\\ Lq ,^/ P ( w i-(i- a /n)q !W ' ) 
+ \\ w (-) M a,l(f)\\ L g, K q/p( w i-(i- a /n) q:W ^j 

< C\\b\\BMO(w)(\\^r,w(Iaf)\\Li^i/p(wi/p,w) + \\M a ,r,w(f)\\L<i, K <i/p(w) 

+ \\M a! l(f)\\ L g, Kg / p ( w g/ p iW ^j. 

Since < k < p/q, w q l p G A\ and r w > p ^~^ K , then by using Lemma 3.3, 
Lemma 3.4 and Lemma 3.6, we thus obtain 

II [b, Ia]f\\ Lq,Kq/p( w l-(.l-a/n)q jW -) 

<C\\b\\ BMO ( w )(\\I a (f)\\ L q, Kq/P ( wq / P ^ + H/Hlp,*^)) 

<C\\b\\ B MO(w)\\f\\LP>K(w)- 

Therefore, we complete the proof of Theorem 1. □ 
4. Proof of Theorem 2 

Lemma 4.1. LetO < a + (3 < n, 1 <p < n/(a + (3), 1/s = l/p—(a + /3)/n 
and w s G A\. Then for every < k < p/s and 1 < r < p, we have 

\\M a +l3,r{f)\\L s > KS /p(w s ) - C\\f\\LP^(wP,wz)- 

Proof. Note that 

M a+Ptr (f) = M {a+ ^ 1 (\f\ r ) 1/r . 

Since w s E Ai, then we have (w r ) s l r G -^i+( s /r)/(p/r)'> w ^ich implies w r G 
Ap/ r ,s/r by (4). Observe that 1/s = 1/p— (a + p)/n, then for any 1 < r < p, 
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we have r/s = r/p—(a + f3)r/n. Consequently, by Theorem E, we know that 
the fractional maximal operator M( a+y g) rjl is bounded from L p / r ' K (w p , w s ) 
to L s / r > KS /P{w s ). Therefore 

\\ M a+P,r(f)\\L s ' KS /p(w s ) = \\M( a+ /3) r ,l(\f\ r )\\/s/r lKS /p( w s) 

< r^ll i f \ r II ^ r 

— IN-' I \\LP/ r > K (wP,w s ) 



< C\\f\\LP< K (wP,w s )- 

We are done. □ 

Lemma 4.2. Let < a + f3 < n, 1 < p < n/(a + /3), l/g_ = 1/p — a/n, 
1/s = 1/q — f3/n and w s G Ai. TTien /or every < k < p/s, we /iaue 

i(/)IIl s . ks /p(«j s ) — C|l/lli>'Wp( u ,9 )U ,s)- 

Proof. Fix a ball B = B(x , r B ) C R». Let f = f 1 + f 2 , where /i = / Xafl . 
Since M^i is a sublinear operator, then we have 

^ p (j B M^f{xy w { x ydx) 1/s 



w s (BY 



< 

~w s (B) 



\— p (j B M pMx y w { x y dx ) 



l/s 



+ w s {B) 
= Ji + J 2 . 

Since w s G A±, then by (4), we have w G A qtS . As mentioned in the proof of 
Lemma 3.4, we know that Mg^ is bounded from L q (w q ) to L s (w s ) whenever 
w G Aq tS . This together with Lemma A give 

J ^ c ^rrXj 2B i/<*)iv*H 1/9 

<nmi , ^ S (2P)^ (is) 

^ ^H/llLWp(t(;9,to«) w s( B y/p 

^ C||/llL9.«9/P( W 9,tuS)- 

To estimate J2, we note that if x G .B and y G (2B) C , then |y — x| ~ |y — xo|- 
It follows from Holder's inequality and the condition A Q)S that 



M^{f 2 )( X )<C I r^^dy 

j(2B) c \ x y\ 
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00 1 f 

OO 1 /* 1 In 1 

(I IflyWMyf dy)"* (16) 

V J23+ 1 B ' 



3 

X 



<gii/iIl- 9 / P (^^)E^( 2J+15 ) k/ ^ 1/s - 

3=1 

Substituting the above inequality (16) into the term J2, we thus obtain 

j=i 

Since w s € A\, then we know w s £ RH r for some r > 1. It follows from 
Lemma B that 

uP IB) <c ( \B\ N ( r— 1 )/ r 



w s (2i+ 1 B) ~ \\2i+ 1 B\ 
Therefore 

00 

J2 < C||/|| LW ,(^^) ^( 2 f)-( 1 -Vr)(l/.-i./rt 

j=l ( 17 ) 

— C|I/IIl , 3' k 9/p(«,9 )U ,s)) 

where the last inequality holds since (1 — l/r)(l/s — k/p) > 0. Combining 
the above estimate (17) with (15), we obtain the desired result. □ 

Lemma 4.3. Let < a + f3 < n, 1 < p < n/(a + 1/q = 1/p — a/n, 
1/s = 1/q — f3/n and w s G A\. Then for every < k < pfi/n, we have 

<c\\f\\ 

Proof. Fix a ball B = B(xq, r) and decompose / = /1 + /2, where f\ = fx 2B - 
Then we have 

Mi 



< 

~w s {B) 



1/9 

f w s (By 
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= J 3 + J 4 . 

Since w s G A\ and 1 < q < s, then w q E Ai, which implies w € A P:Q by (4). 
The L p (w p )-L q (w q ) boundedness of I a and lemma A yield 

J 3 <C \ , { [ \f(x)\ p w(x) p dx) 1/P 

w*{2B)* lp (18) 

^ C\\f\\LP< K (wP,w s )- 

We now turn to estimate J4. Since w; £ Ap l(? , then similar to the estimate of 
(16), we can get 

00 

/ Q (/ 2 )0r) < c\\f\\ LP , K{WP;WS) .j2™ s (.y +1 B) K/p ™ q (.y +1 B)- 1/q - 

As a consequence, 

Since w s G ii, then by Lemma B, we thus obtain 

\B\ w s (B) 



On the other hand, since w s € A\, then by Lemma C, we have w <G RH S . 
Note that s > q, then we can easily verify that w q <G RH s / q . Hence, by using 
Lemma B again, we get 

w q {B) ( \b\ y-«/' 

w?(2i+ 1 S) - Vl2 j+1 5|y 

Therefore 

00 

,tt (19) 

— c||/IIlp. k (w)p,w s )) 

where the last inequality follows from the fact that k < pfi/n. Combining 
the above estimate (19) with (18), we conclude the proof of Lemma 4.3. □ 
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Proposition 4.4. Let < 5 < 1, < a < n, < (3 < 1, w <E Ai and 

b € Lipp(R n ). Then for all r > 1 and for all x G W l , we have 

M*([bJ a }f){x)<C\\b\\ Upp {M^^ 

Proof. As in the proof of Proposition 3.7, we can split the previous expres- 
sion (9) into three parts and estimate each term respectively. For given 
< 5 < 1, we may choose a sufficiently large number u such that 5u > 1 
and < 5u' < 1. It follows from Holder's inequality and Lemma D that 

< jf |j a/(y) | dy ^ (20) 

< C\\b\\ Lm M^{I a f){x). 

Using Kolmogorov's inequality, Holder's inequality and Lemma D, we get 

n^Cp^j^ 1(6(^-^)^)1^ 

<C\\b\\ Lip ,M a+p>r (f)(x). 
Following the same lines as that of Proposition 3.7, we thus have 

III < IV+V, 



(21) 



where 



and 



oo 

IV^CV- — - — t \ \b(z) -b 2j +i B \\f(z)\dz 

3=1 

oo 

V = CV — : — - — ^ \boi+i B -b2B\\f(z)\dz. 



As in the estimate of II, we can also deduce 



oo ^ 

IV < C\\b\\ Lvpfi M a+ ^{f)(x) ^ - < C||6|| L ^M a+/3 , r (/)(x). (22) 



2^ 



By Lemma D, it is easy to verify that 

\bv + i B -b 2B \<C\\b\\ Lipp -j\2i +1 Bf/ n . 
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Hence 

v < c mu „ g £ ■ |2J>1B|1 _,„ + ,, / „ j 2jtiB \m\ dz 

<C\\b\\ Lip ,M a+ ^(f)(x)J2^ 

3=1 

<C\\b\\ Lipp M a+ ^(f)(x). 

Combining the above estimates (20)-(23) and taking the supremum over all 
balls B C 1", we obtain the desired result. □ 

Proof of Theorem 2. For < a + f3 < n and 1 < p < n/(a + (3), we can find 
a number r such that 1 < r < p. Applying Proposition 3.1 and Proposition 
4.4, we get 

IIM«]/IIlw, (w .) <c\\M*([b,i a ]f)\\ L ^/ P ^) 

<C\\b\\ L ipp(\\Mp A (I a f)\\ LS , Ks/p ( w ^ 

+ \\ M a+P,r(f)\\L»,™/r(ws) + \\ M a+/3,l (/) || ls ,« s /p(^) ) • 



Let 1/q = 1/p — a/n and 1/5 = 1/(7 — /V n - Since u? s 6 j4i, then by (4), we 
have w £ Since < k < mm{p/ s,p/3/n}, by Theorem E, Lemma 4.1, 

Lemma 4.2 and Lemma 4.3, we thus obtain 

\\[b,Ia]f\\Ls>^/p( w s) < CII&llLip^ (\\I a {f)\\L<i^<i/p(wi,w s ) + II/IIlP' k (wp,w s )) 
< C\\b\\upp\\f\\LP> K (wP,w s )- 

This completes the proof of Theorem 2. □ 
5. Proof of Theorem 3 

Lemma 5.1. Let < a + (3 < n, 1 < p < n/(a + j3), 1/q = 1/p — a/n, 
1/s = 1/q — f3/ n and w s / p € A±. Then ifO<n<p/s,r w > p /l_ K , we have 

Proof Fix a ball B = B(x , r B ) C IP. Let / = /1 + / 2 , where /1 = fx 2B - 
Since Mg^ is a sublinear operator, then we have 



M^f{x) s w{x) s / p dx) 



w(B) k /p 
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+ w(B 



~-K l + K 2 . 



l/s 



Since w s/p G Ai, then by (4), we can get w 1/p G A qyS . The L q (w q )-L s (w s ) 
boundedness of Mg^ and Lemma A imply 

<cimi , , w{2B)RlP ^ 

^ ^\\J \\Li^i/p(wo/p,w) w ( B jK/p 
^ C'II/IIl<i.'w/p(iu9/p,iu)- 

We turn to deal with the term K 2 - Since w 1 ^ G A qyS , as in the estimate of 
(16), we thus have 

oo 

M A1 (/ 2 )(x) < C||/|| i „ K9/p(w9/P)W) ^ U ,(2^ 1 5)^ • w^i^B)- 1 /*. 

3=1 

Hence 

Since iW p G and s > p, then by Lemma C, we have w G A\ n RH s j p . 
Furthermore, by Lemma B, we can get 

c 1^1 < «>(#) 



I^BI ~ tt;(2J+ 1 S)' 
Since r w > —4 , then we can find a positive number r such that r > -4 - 

p / S H p j & 

and iy G i?i^ r . Also we note that s/p > 1, then it is easy to see that 

w s/p G RH rp/s . 
By using Lemma B again, we thus obtain 

w s /p(B) ( \B\ N^/M 



w s/p(2i+iB) ~ \\2i+ l B 
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Therefore 

K 2 < C||/|| L „ 9/P(lu9/P ^ ) ^(2^)- 1 /^/P + i/M 



oo 



(25) 



< C\\ j \\li: k i/p( w i/p,w)i 



where in the last inequality we have used the fact that —l/s+n/p+l/(rp) < 
0. Combining the above inequality (25) with (24) and taking the supremum 
over all balls B C R n , we complete the proof of Lemma 5.1. □ 

Proposition 5.2. Let < 5 < 1, < a < n, < /? < 1, w G A 1 and 

b € Lipp(w). Then for all r > 1 and for all x £ W a , we have 

M*{[b,I a ]f)(x) ^Cllfell^^)^^) 1 ^/^,!^/)^) 

+ w(x) Wn Ma+/ 3 iriW (/)(x) + u;(x) 1 +^M a+/ 3 il (/)( a ;)). 



Proof. Again, as in the proof of Proposition 3.7, we will split the previous 
expression (9) into three parts and estimate each term respectively. For 
given < 5 < 1, we are able to find a real number 1 < u < 2 such that 
< 5u < 5u' < 1. It follows from Holder's inequality and Lemma D that 

\b{y)-b 2B \dy)(^- [ \l a f(y)\dy) 
2B j ^\B\Jb j (26) 

< C\\b\\ UMw) W{2 ^ /n ■ (^| j B |/«/(y)| dy) 

<C\\b\\ LiMw) w(x) 1+ ^ n M^(I a f)(x). 

As before, by Kolmogorov's inequality, Holder's inequality and Lemma D, 
we thus obtain 

n ^ c T7^M / K b (y)-b2B)f(y)\d y 

\B\ L a ' n J 2 b (27) 
<C||6|| iip/3HU ;(x) 1 - Q /"M a+to (/)(x). 

Again, by using the same arguments as that of Proposition 3.7, we thus have 

III < IV+V, 
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where 



3 

and 



oo 

IV = cV — , — - — / \b(z) -b 2j +i B \\f(z)\dz 



i i r 

^ 23 \23+ 1 B\ l - a /' a J 2 j+i B 
Similar to the estimate of II, we can also get 

IV < C||6|| L ^ (w)U ;(x) 1 - Q /™M a+/ 3 iriW (/)( a; ). (28) 
Observe that w € Ai, then by Lemma D, a simple calculation gives that 
K + i B - b 2B \ < C\\b\\ LiMw) j ■ w{x)w(2^ l Bfl n . 

Therefore 

oo - 

< CIHIlw-m V — • w(x) 1+fS/n , — - . -zr-. / \f(z)\dz 

- II ULt Pl3 (w) /_j 2J \ ) |2j+l j g|l-(Q+ / 9)/ n J 2J+1B UX n ^9) 

oo 

< C||6|| L , w(ji;)U ;(x) 1+ ^M Q+/3il (/)( a ;) £ | 

<C||6|| LwM ^(x) 1+ ^M a+/3il (/)(x). 

Summarizing the estimates (26)-(29) derived above and taking the supre- 
mum over all balls B QR n , we get the desired result. □ 

Finally let us give the proof of Theorem 3. 

Proof of Theorem 3. As before, for < a + (3 < n and 1 < p < n/(a + /3), 
we are able to choose a number r such that 1 < r < p. By Proposition 3.1 
and Proposition 5.2, we have 

\\[b, ia]/||£,s,Ks/P( W l-(l-«/n)s,u;) 

<C\\Mf{[b,I a ]f)\\ LS , 

<C||6|| L ^ (w) (||u;(0 1+ ^ /n M /3)1 (J a /)|| LS , Wp(u)1 _ (1 _ a/ „) S)U;) 

+ \\ w (') 1 ~ a ^ nM a+l3,r,w{f)\\L°^/p(w 1 -<- 1 - a / n ') s ,w) 
+ ll w (-) 1+,3/riM a+/3,l(/)|lL S ,-/P( w i-(i-«/™)3, w )) 
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<C|| & llLi P( 9(«;)^ll M /3,l(^/)llL s .^/P(«; s /P,«)) + \\ M a+/3,r,w(f) \\l*^*/p(w) 
+ \\ M a+l3,l{f)\\ L s, K s/ P ( w s/p^. 

Let 1/q = l/p - a/n and l/s = l/q - (3/n. Since r w > jf^- K > > 
p/~H K , then by using Lemma 3.3, Lemma 3.4 and Lemma 5.1, we thus obtain 

II [b, Ia]f\\L s ' KS /P(w 1 -( 1 - a / n '> s ,w) 
— C II ^11 Lip j3 (w) (\\^a(f)\\Li< K i/P(wi/P,w) 
<C||&l|Lipp(«;)ll/l|LP.«(u;)- 

Therefore, we conclude the proof of Theorem 3. □ 
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